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• Write your name in the box above. 

• Do not open this examination paper until instructed to do so. 

• A graphic display calculator is required for this paper. 

• Unless otherwise stated in the question, all numerical answers should be given exactly or  

      correct to three significant figures. 

• A clean copy of the mathematics: analysis and approaches HL formula booklet is required  

      for this paper. 

• The maximum mark for this examination paper is [55 marks]. 
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1.      [Maximum mark: 29] 
 

(a) (i) from formula booklet: 
2 2

1 1
d arctan

x
x C

a x a a

 
= + 

+  
  

  Hence, ( ) ( ) ( )
1 1

2 00

1 π π
d arctan arctan 1 arctan 0 0

1 4 4
x x

x
= = − = − =+       Q.E.D. 

 

 (ii) ( )20

1
d arctan

1

k

x k
x

=
+  

 

(b) (i) 
( )( )2

1 1 A B

1 1 1 1 1x x x x x
= = +

− − + − +
 

  Multiplying both sides by ( )( )1 1x x− +  and equating numerators gives: 

  ( ) ( )1 A 1 B 1x x= + + −  

  Let 1x = :  
1

1 2A A
2

=  =   Let 1x = − :  
1

1 2B B
2

=  =  

  Thus, 
( ) ( )2

1 1
1 1 12 2

1 1 1 2 1 2 1x x x x x
= + = +

− − + − +
       Q.E.D. 

 

 (ii) 
( ) ( )

1
1 1

2
2 2

20 0
0

1 1 1 1 1
d d ln 1 ln 1

1 2 1 2 1 2 2
x x x x

x x x

   
= + = − − + +    − − +   

   

     ( )
1 1 1 3 1 1 1 1 3

ln ln ln1 ln1 ln 2 ln 0
2 2 2 2 2 2 2 2 2

     
= − + − − + = + −     
     

 

     
1 3 1

ln 2 ln3
2 2 2

 
=  = 

 
 

 

 (iii) 
( ) ( )20 0

0

1 1 1 1 1
d d ln 1 ln 1

1 2 1 2 1 2 2

k
k k

x x x x
x x x

   
= + = − − + +    − − +   

   

      

0 0

11 1 1 1
ln ln 1 ln

2 1 2 2 1

k k

x
x

x x

   +
= + + =   

− −   
  

     ( )
11 1 1

ln ln 1 ln
2 1 2 1

k k

k k

 + +
= − =  − − 

 

  Thus, ( ) 1p k k= +   and  ( ) 1q k k= −  

 

[ worked solution continued on next page ] 
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(c) Multiplying 
( )( )

2

22 1 11 1

x a bx c

x xx x

+
= +

+ ++ +
 by ( )( )21 1x x+ +    ( ) ( )( )2 21 1x a x bx c x= + + + +  

 1x = − :  
1

1 2
2

a a=  =  ( ) ( )( ) ( )( )2 2 21 1 1
1 1 1

2 2 2
x x bx c x x bx c x= + + + +  − = + +  

 0x = :  ( )21 1 1 1
1

2 2 2 2
c x bx x

 
− =  − = − + 

 
 

 1x = :  ( )
1 1

0 2
2 2

b b
 

= −  = 
 

        Thus, 
1 1 1

, ,
2 2 2

a b c= = = −  

 

(d) (i)     
( )( )

2

2 2 22

1 1 1 1 1
12 2 2 2 2d d ln 1 d d

1 1 2 1 11 1

x x
x

I x x x x x
x x x xx x

 
− 

= = + = + + − 
+ + + ++ +  

 

     

  ( )2

1
12 d arctan

1 2
x x

x
=

+
 

  
2

1

2 d
1

x
x

x


+
  let 2 1 1

1 d 2 d d d
4 2

u x u x x u x x= +  =  =  

  ( )2

2

1
1 1 1 12 d d ln ln 1

1 4 4 4

x
x u u x

x u
= = = +

+   

  Hence, 
( )( )

( ) ( )
2

2

2

1 1 1
d ln 1 ln 1 arctan

2 4 21 1

x
I x x x x C

x x
= = + + + − +

+ +
  

             ( ) ( )22 1 1
ln 1 ln 1 arctan

4 4 2
x x x C= + + + − +  

             ( ) ( ) ( )
2 21 1 1

ln 1 ln 1 arctan
4 4 2

x x x C = + + + − +
 

 

  Thus, ( ) ( ) ( )
2 21 1

ln 1 1 arctan
4 2

I x x x C = + + − +
 

     Q.E.D. 

 

 (ii)    
π

4
I =  when 1x = :   ( ) ( ) ( )

2 2π 1 1
ln 1 1 1 1 arctan 1

4 4 2
C = + + − +

 
 

         
π 1 1 π

ln8
4 4 2 4

C= −  +  

         ( )3π π 1
ln 2

4 8 4
C = + −  

         ( )
3π 3

ln 2
8 4

C = −     OR    ( )
3π 1

ln 8
8 4

C = −  
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2.        [Maximum mark: 25] 
 

(a) 1 1n nu u+ = +  

(b) (i)   

 

 

 

 

 

 

 

 

 

 

 
 

 (ii) ( )1lim 0n n
n

u u +
→

− =  

 

 (iii) As n→ , ( )1 nk u= . Since ( )1lim 0n n
n

u u +
→

− = , then also 1n nu u +=  as n→ . 

  Substituting into 1 1n nu u+ = + , gives ( ) ( )1 1 1k k= +  

 

 (iv) ( ) ( ) ( ) ( ) ( ) ( )
2 2

1 1 1 1 1 1 1 1 1 0k k k k k k= +  = +  − − =        and ( )1 0k   

  ( )
( ) ( ) ( )( )

( )
( )

2
1 1 4 1 1 1 5

1 1
2 1 2

k k
− − + − − − +

=  =     Q.E.D. 

 

(c) ( )2 2 2 2 2 2 0k = + + + + +   

 As n→ , ( ) 12 n nk u u += = .  Hence, ( ) ( )2 2 2k k= + . 

 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( )

( )

2

2 2 1 1 4 1 2
2 2 2 2 2 2 0 2

2 1
k k k k k

− − + − − −
= +  − − =  =        

 Thus, ( )
1 9

2 2
2

k
+

= =  

 

(d) ( ) 0k a a a a a a= + + + + +   

 As n→ , ( ) 1n nk a u u += = .  Hence, ( ) ( )2k a a k= + . 

 ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( )

( )

2

2 2 1 1 4 1
2 2 2 0

2 1

a
k a a k k k a k a

− − + − − −
= +  − − =  =        

 Thus, ( )
1 1 4

2

a
k a

+ +
=    

n nu  

1 1.0000 

2 1.4142 

3 1.5538 

4 1.5981 

5 1.6118 

6 1.6161 

7 1.6174 

8 1.6179 

9 1.6180 

10 1.6180 
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(e) (i) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

     The first six values of a such that ( )k a  is an integer are:  2, 6,12, 20, 30, 42a =  

 

 

 (ii)   

 

 

 

 

 

 

 

   

 

  Quadratic regression determines that the formula for na  is 2

na n n= +  

  [ other methods / working possible for determining the formula ] 

 

 

 


